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a b s t r a c t
LetG be a connected graph of order p and S a nonempty set of vertices ofG. Then the Steiner
distance d(S) of S is the minimum size of a connected subgraph of G whose vertex set
contains S. If n is an integer, 2 ≤ n ≤ p, the Steiner n-diameter, diamn(G), of G is the
maximum Steiner distance of any n-subset of vertices of G. We give a bound on diamn(G)
for a graph G in terms of the order of G and the minimum degree of G. Our result implies
a bound on the ordinary diameter by Erdős, Pach, Pollack and Tuza. We obtain improved
bounds on diamn(G) for K3-free graphs and C4-free graphs. Moreover, we construct graphs
to show that the bounds are asymptotically best possible.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a connected graph of order p(G) and S a set of vertices of G. Let H be a connected subgraph of G of minimum size
which contains S. Then H is a tree, known as a Steinertree for S, and the size of H is the Steiner distance of S in G, denoted
by dG(S). If |S| = 2, then the Steiner distance of S is the (ordinary) distance between the two vertices of S, so the Steiner
distance generalises the ordinary distance between two vertices. Let n be an integer such that 2 ≤ n ≤ p. The n-diameter
of G, diamn(G), is defined to be the maximum Steiner distance of any n-subset of vertices of G. The determination of a
Steiner tree in a graph is a discrete analogue of the well-known geometric Steiner problem: In a Euclidean space (usually
a Euclidean plane) find the shortest possible network of line segments interconnecting a set of given points. Steiner trees
have application tomultiprocessor computer networks. For example, it may be desired to connect a certain set of processors
with a subnetwork that uses the least number of communication links. A Steiner tree for the vertices, corresponding to the
processors that need to be connected, corresponds to such a desired subnetwork. Since the problem of determining the
Steiner distance is known to be NP-hard [4], it is desirable to have good bounds. The degree of a vertex v of G is denoted by
deg(v) and theminimum degree of G by δ(G). In this paper we give upper bounds on the n-diameter in terms of order p and
minimum degree δ for all graphs, for graphs that contain no triangles, and for graphs that contain no 4-cycle.
The ordinary distance between two vertices u, v of G, dG(u, v), is the length of a shortest u–v path in G. Throughout the
paper we will often drop the subscript (or argument) G if no confusion can arise. The openneighbourhood of a vertex v,N(v),
is the set of all vertices of G adjacent to v. The closed neighbourhood of v,N[v], is the set N(v) ∪ {v}. For a set A ⊆ V (G)
and a vertex v, the distance d(v, A) is defined as mina∈A d(v, a). For A, B ⊆ V (G), d(A, B) = min {d(a, b)|a ∈ A, b ∈ B}
and for X, Y ⊆ E(G), d(X, Y ) = d(V (X), V (Y )) where V (X) and V (Y ) are the set of vertices incident with edges in X
and Y , respectively. If e, f are edges of G, then we write d(e, f ) instead of d({e}, {f }). A cycle with k vertices is denoted
by Ck. A connected graph G with no subgraph isomorphic to Ck is called Ck-free. For A ⊂ V (G), we denote by G[A] the
subgraph of G induced by A. For A ⊂ V (G),N[A] is the set of all vertices x of G of distance at most one to some a ∈ A,
i.e., N[A] := {x ∈ V (G) : dG(x, a) ≤ 1 for some a ∈ A} and N2[A] is the set of all vertices x of G of distance at most two to
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some a ∈ A, i.e., N2[A] := {x ∈ V (G) : dG(x, a) ≤ 2 for some a ∈ A}. The k-th power of G, denoted by Gk, is the graph with
the same vertex set as G, in which two a, b ∈ V (G) are adjacent if dG(a, b) ≤ k. For a positive integer k, a k-packing of G is a
subset A ⊂ V (G)with dG(a, b) > k for all a, b ∈ A.
For the ordinary diameter, i.e., for the case n = 2, Erdős et al. [3] proved that for all connected graphs G,
diam2(G) ≤ 3p
δ + 1 − 1. (1)
Furthermore, they proved stronger bounds for triangle-free graphs G,
diam2(G) ≤ 4

p− δ − 1
2δ

,
and for C4-free graphs G,
diam2(G) ≤ 5p
δ2 − 2[δ/2] + 1 .
The result for all connected graphs was extended by Dankelmann et al. [2] to
diamn(G) ≤ 3p
δ + 1 + 3n. (2)
Using methods initiated by Dankelmann and Entringer [1] but different from those used in [2], we generalise the above
bound (1) by Erdős et al. [3]. We show in this paper that for all connected graphs G,
diamn(G) ≤ 3p
δ + 1 + 2n− 5.
Moreover, we prove stronger bounds for triangle-free graphs G,
diamn(G) ≤ 2p
δ
+ 3n− 6,
and for C4-free graphs G,
diamn(G) ≤ 5p
δ2 − 2⌊δ/2⌋ + 1 + 4n− 9,
thus extending the above corresponding results by Erdős et al. [3]. We also construct graphs to show that these bounds are
close to best possible.
2. Results
Before presenting our bounds, we give the following lemma which will be useful in proving our main results.
Lemma 2.1. Let G be a connected graph, S ⊆ V (G) and j be a positive integer. Then
dG(S) ≤ j · dG j(S).
Proof. Recall that Gj[S] is the subgraph of Gj induced by S. Let Tj be a Steiner tree of S in Gj with vertex set W ∪ S, where
W := {x|x ∈ V (Tj)− S}. Let |W | = k. Then Tj has (|S| + k− 1) edges, e1, e2, . . . , e|S|+k−1.
Let ei = aibi for i = 1, 2, . . . , |S|+k−1 and let Pi be a shortest ai−bi path in G. Let Vi = V (Pi)−{ai, bi}. Then |Vi| ≤ j−1.
Now |S|+k−1
i=1
V (Pi)
 =
S ∪W ∪ |S|+k−1
i=1
Vi

≤ |S| + |W | +
|S|+k−1
i=1
|Vi|
≤ |S| + k+ (j− 1)(|S| + k− 1)
= j|S| + jk− j+ 1.
Since the graph induced by
|S|+k−1
i=1 V (Pi) in G is connected and contains S, it follows that
dG(S) ≤ j|S| + jk− j = j · dG j(S). 
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We now give the upper bound on the Steiner n-diameter of all connected graphs.
Theorem 2.2. Let G be a connected graph of order p and minimum degree δ ≥ 2. If 2 ≤ n ≤ p, then
diamn(G) ≤ 3p
δ + 1 + 2n− 5. (3)
Proof. Let S = {f1, f2, . . . , fn} ⊆ V (G) be a set of n vertices such that dG(S) = diamn(G). Construct a maximal 2-packing A
of G using the following procedure: Let a1 = f1 and A = {a1}. If A = {a1, a2, . . . , ai−1} and if there exists a vertex ai in Gwith
dG(ai, A) = 3, add ai to A. Continue adding vertices ai with dG(ai, A) = 3 until each vertex not in A is within distance 2 of A.
Let T1 ≤ G be the forest with vertex set NG[A], and whose edge set consists of all edges of G incident with a vertex in A.
By our construction of A, there exist |A| − 1 edges in G, each of them joining two neighbours of distinct vertices of A, whose
addition to T1 yields a tree T2 ≤ G.
Now each vertex b ∈ V (G) − V (T2) is adjacent to some vertex b′ ∈ V (T2). Let T be the spanning tree of G with edge set
E(T2) ∪

bb′|b ∈ V (G)− V (T2)

.
By the construction of A and T we have that
T 3[A] is connected.
We now prove that
dT (S) ≤ 3p
δ + 1 + 2n− 5. (4)
First let b1, b2, . . . , bn ∈ A be such that bi is a vertex in A closest to fi in T for i = 1, 2, . . . , n. Note that b1 = a1. Since
T 3[A] is connected, we have
dT3[A] ({b1, b2, . . . , bn}) ≤ |A| − 1
and so by Lemma 2.1,
dT ({b1, b2, . . . , bn}) ≤ 3(|A| − 1)
By our construction of A and T , we have dT (b1, f1) = 0 and dT

bj, fj
 ≤ 2 for j = 2, . . . , n, so thatnj=1 dT bj, fj ≤ 2n− 2.
Hence
dT (S) ≤ dT ({b1, b2, . . . , bn})+
n
j=1
dT

bj, fj

≤ 3(|A| − 1)+ 2n− 2
= 3|A| + 2n− 5. (5)
Since all ai ∈ A have at least δ neighbours and since the closed neighbourhoods of the ai are disjoint, we have
|A|(δ + 1) ≤ p,
which implies that |A| ≤ p
δ+1 . Hence, by (5),
dT (S) ≤ 3p
δ + 1 + 2n− 5.
This proves (4). The theorem now follows since diamn(G) = dG(S) ≤ dT (S). 
The following graphs show that, for constant δ and n, the bound in Theorem 2.2 is best possible, apart from the value of
the additive constant. For given integers δ, k > 0, let G1,G2, . . . ,Gk be disjoint copies of the complete graph Kδ+1, and let
aibi ∈ E(Gi). Let Gk,δ be the graph obtained from the union of G1,G2, . . . ,Gk by deleting the edges aibi for i = 2, 3, . . . , k−1
and adding the edges ai+1bi for i = 1, 2, . . . , k−1. Clearly, p(Gk,δ) = k(δ+1), so k = p(Gk,δ)δ+1 . If 2 ≤ n ≤ 2δ then, by a simple
calculation, diamn(Gk,δ) = 3k+n−5 and so diamn(Gk,δ) = 3 p(Gk,δ)δ+1 +n−5. In this case the difference between diamn(Gk,δ)
and the bound in Theorem 2.2 is at most n. For n > 2δ we use the estimate diamn(Gk,δ) ≥ diam2(Gk,δ) = 3 p(Gk,δ)δ+1 − 3. In
this case, the difference between the Steiner n-diameter of Gk,δ and the bound in Theorem 2.2 is bounded by the additive
constant 2n − 2. We note that these graphs were considered in [5] as examples of graphs whose mean distance is close to
p
δ+1 + 2.
We note that a very slight modification of the proof of Theorem 2.2 yields that the n-diameter of the tree T constructed
in this proof is at most 3p
δ+1 + 2n− 3. Hence we obtain the following corollary:
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Corollary 2.3. Let G be a connected graph of order p and minimum degree δ ≥ 2. If 2 ≤ n ≤ p, then G has a spanning tree T
with
diamn(T ) ≤ 3p
δ + 1 + 2n− 3.
Theorem 2.4. Let G be a connected triangle-free graph of order p and minimum degree δ ≥ 2. If 2 ≤ n ≤ p, then
diamn(G) ≤ 2p
δ
+ 3n− 6. (6)
Proof. Let S = {v1, v2, . . . , vn} ⊆ V (G) be a set of n vertices such that dG(S) = diamn(G). First we find a matching M of
G using the following procedure: Choose e1 ∈ E(G) incident with v1 and let M = {e1}. Let M = {e1, e2, . . . , ei−1}. If there
exists an edge ei in G with dG(ei, V (M)) = 3, add ei to M . Repeat this process until each edge not in M is within distance 2
ofM in G.
Let T1 ≤ G be the forest with vertex set NG[V (M)], and whose edge set consists of all edges incident with a vertex in
V (M). By our construction ofM , there exist |M| − 1 edges in G, each of them joining two distinct components of T1, whose
addition to T1 yields a tree T2 ≤ G.
Now each vertex in V (G)−V (T2) is within distance 3 of some vertex of V (M). Let T ≥ T2 be a spanning tree of G in which
dT (b, V (M)) = dG(b, V (M)) for every vertex b ∈ V (G). Let Tm ≤ T be the smallest subtree of T containingM . It follows that
|E(Tm)| ≤ 4|M| − 3.
Now v1 ∈ V (Tm) and for each vi ∈ S − {v1}, we have dT (vi, V (Tm)) ≤ 3. Hence
dT (S) ≤ |E(Tm)| + 3(n− 1)
≤ 4|M| + 3n− 6. (7)
Let uv ∈ M . Since G is triangle-free u and v do not have any neighbours in common. Since u and v have at least δ
neighbours each and since the open neighbourhoods of u and v are disjoint, we obtain
2δ|M| ≤ p.
Isolating |M| yields |M| ≤ p2δ and hence, by (7),
dT (S) ≤ 2p
δ
+ 3n− 6.
The theorem now follows since diamn(G) = dG(S) ≤ dT (S). 
The following graphs show that, for constant δ and n, the bound in Theorem 2.4 is best possible, apart from an additive
constant. Given integers δ, k > 0, let G′1,G
′
2, . . . ,G
′
k be disjoint copies of the complete bipartite graph Kδ,δ and let
aibi ∈ E(G′i). Let G′k,δ be the graph obtained from the union of G′1,G′2, . . . ,G′k by deleting the edges aibi for i = 2, 3, . . . , k−1
and adding edges ai+1bi for i = 1, 2, . . . , k−1. Note that p(G′k,δ) = 2δk and, thus, k =
p(G′k,δ)
2δ . If n ≤ 2δ−2 then, by a simple
calculation, diamn(G′k,δ) = 4k+n−7 and so diamn(G′k,δ) = 2
p(G′k,δ)
δ
+n−7. In this case the difference between diamn(G′k,δ)
and the bound in Theorem2.4 is atmost 2n+1. For n > 2δ−2we use the estimate diamn(G′k,δ) ≥ diam2(G′k,δ) = 2
p(G′k,δ)
δ
−5.
In this case, the difference between the Steiner n-diameter of G′k,δ and the bound in Theorem 2.4 is bounded by the additive
constant 3n− 1.
We note that a very slight modification of the proof of Theorem 2.4 yields that the n-diameter of the tree T constructed
in this proof is at most 2p
δ
+ 3n− 3. Hence we obtain the following corollary:
Corollary 2.5. Let G be a connected triangle-free graph of order p and minimum degree δ ≥ 2. If 2 ≤ n ≤ p, then G has a
spanning tree T with
diamn(T ) ≤ 2p
δ
+ 3n− 3.
Theorem 2.6. Let G be a connected C4-free graph of order p and minimum degree δ ≥ 2. If 2 ≤ n ≤ p, then
diamn(G) ≤ 5p
δ2 − 2⌊δ/2⌋ + 1 + 4n− 9.
Proof. Let S = {f1, f2, . . . , fn} ⊆ V (G) be a set of n vertices such that dG(S) = diamn(G). First we construct a maximal
4-packing A of G using the following procedure: Let a1 = f1 and A = {a1}. If A = {a1, a2, . . . , ai−1} and if there exists a
vertex ai in Gwith dG(ai, A) = 5, add ai to A. Add vertices with dG(ai, A) = 5 to A until each of the vertices not in A is within
distance 4 of A.
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For ai ∈ A, let T1(ai) be a tree with vertex set N2G[ai], which is distance preserving to ai. Then T1 =

ai∈A T1(ai) is a
subforest of G. By our construction of A, there exist |A| − 1 edges in G, each of them joining two components of T1, whose
addition to T1 yields a tree T2 ≤ G.
Now each vertex in V (G) − V (T2) is within distance 4 of some vertex of A. Let T ≥ T2 be a spanning tree of G in which
d T (b, A) = d G(b, A) for each b ∈ V (G).
Again by the construction of A and T ,
T 5[A] is connected.
We now prove that
dT (S) ≤ 5p
δ2 − 2⌊δ/2⌋ + 1 + 4n− 9. (8)
First let b1, b2, . . . , bn ∈ A be such that bi is a vertex in A closest to fi in T for i = 1, 2, , . . . , n. Note that b1 = a1. Since T 5[A]
is connected, we have
dT5 ({b1, b2, . . . , bn}) ≤ |A| − 1,
and by Lemma 2.1,
dT ({b1, b2, . . . , bn}) ≤ 5(|A| − 1).
By our construction of A and T , we have dT (b1, f1) = 0 and dT

bj, fj
 ≤ 4 for j = 2, . . . , n, so thatnj=1 d bj, fj ≤ 4n− 4.
Hence
dT (S) ≤ dT ({b1, b2, . . . , bn})+
n
j=1
d

bj, fj

≤ 5(|A| − 1)+ 4n− 4
= 5|A| + 4n− 9. (9)
Since G is C4-free, no two neighbours of ai ∈ A have a common neighbour apart from ai. Each vertex in the first
neighbourhood of ai is adjacent to ai and at most one other vertex in N[ai]. Hence there are at most

deg(ai)
2

edges joining
two neighbours of ai. Therefore at least (deg(ai))(δ − 1) − 2

deg(ai)
2

≥ δ2 − δ − 2  δ2 edges join a vertex in N(ai) to a
vertex in N2(ai) and no two of these share a vertex in N2(ai) since G is C4-free. So
|N2G[ai]| ≥ δ2 − δ − 2

δ
2

+ δ + 1
= δ2 − 2

δ
2

+ 1.
Hence
(δ2 − 2⌊δ/2⌋ + 1)|A| ≤ p
which implies that |A| ≤ p
δ2−2⌊δ/2⌋+1 . Hence, by (9),
dT (S) ≤ 5p
δ2 − 2⌊δ/2⌋ + 1 + 4n− 9.
This proves (8). The theorem now follows since diamn(G) = dG(S) ≤ dT (S). 
Erdős et al. [3] constructed for each positive integer δ of the form δ = q− 1, where q is a prime power, an infinite family
of C4-free graphs Gwith
diam2(G) ≥ 5p
δ2 + 3δ + 2 − 1.
Since diamn(G) ≥ diam2(G) = 5pδ2+3δ+2 − 1 there exist, for each such graph, an infinite family of graphs with diamn(G) ≥
5p
δ2+3δ+2 − 1. We note without proof that a careful analysis of their construction shows that diamn(G) ≥ 5pδ2+3δ+2 + n− 3.
As above, a very slight modification of the proof of Theorem 2.6 yields that the n-diameter of the tree T constructed in
this proof is at most 5p
δ2−2⌊δ/2⌋+1 + 4n− 5. Hence we obtain the following corollary:
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Corollary 2.7. Let G be a connected C4-free graph of order p and minimum degree δ ≥ 2. If 2 ≤ n ≤ p, then G has a spanning
tree T with
diamn(T ) ≤ 5p
δ2 − 2⌊δ/2⌋ + 1 + 4n− 5.
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